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Abstract
A rotating hairy black hole solution is found in gravity minimally coupled
to a self-interacting real scalar field in three spacetime dimensions. Then we
discuss analytically the horizon structure and find an analogue of the famous
Kerr bound in (2+1) dimensions because of the existence of black hole hori-
zons. We present the asymptotic symmetries and find the same symmetry group
(i.e. the conformal group) and central charge as in pure gravity. Based on the
asymptotic behavior, the mass and angular momentum are presented by the
Regge-Teitelboim approach. Other thermodynamic quantities are also obtained
and the first law of black hole thermodynamics and Smarr relation are checked.
In addition, we also investigate the local thermodynamic stability and find the
existence of Hawking-Page phase transition in the rotating hairy black hole.
1 Introduction
Three-dimensional gravity has been widely considered as a useful laboratory for the
understanding of gravitation in four and higher dimensions. One of the most important
examples is the BTZ black hole [1], which shares several features of higher dimensional
black holes, the most interesting one being the AdS/CFT correspondence [2]. The
strong evidence for this correspondence was proposed earlier by Brown and Henneaux
[3]. They showed that the asymptotic conditions of three-dimensional anti-de Sitter
spaces (AdS) are left invariant under the conformal group in two dimensions. Using this
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correspondence, one can find the microscopic and semiclassical black hole entropy by
means of Cardy formula [4]. For matter-free gravity theory, it was done by Strominger
for the BTZ black hole [5]. A further approach of this subject has been soon provided by
Carlip [6–8]. This application of AdS/CFT correspondence has been widely extended
to other different gravity theories with extra matter sources. For instance, gravity with
scalar fields [9–14, 16–18], new massive gravity [19–21], topologically massive gravity
[22–24] and higher spin theories [25–27].
Recently, several hairy black holes in gravity with non-minimally coupled a self-
interacting real scalar field in three spacetime dimensions are presented [17,18] and has
attracted considerable attentions [28–35], especially for their application of holographic
principle [34, 35]. On the other hand, an exact hairy black hole solution has been
given in gravity with a minimally coupled self-interacting real scalar field, in four
dimensions [36]. This result is somehow unexpected since it circumvents the so called
no-hair conjecture. This makes it important to consider the similar cases in three
dimensions, i.e. the three dimensional black holes in gravity minimally coupled to a
self-interacting real scalar field. Actually, a single, minimally coupled, scalar field is
the simplest case and is very interesting. Since there is no continuous symmetry in the
Lagrangian, it is not possible to associate it with a conserved current, and therefore is
a natural candidate for a dark matter component.
In this article we focus on some new rotating black hole of three dimensional Einstein
gravity minimally coupled to self-coupling scalar field. In this model, the fall-off of the
scalar field at infinity is slower than that of a localized distribution of matter, while the
asymptotic symmetry group remains the same as in pure gravity (i.e., the conformal
group). This means, the generators of the asymptotic symmetries, however, acquire a
contribution from the scalar field, but the algebra of the canonical generators possesses
the standard central extension. Similar results have been found in different static as well
as rotating black holes of this theory [11–15]. The mass M and angular momentum J
of the new black hole solution will be computed using the Regge-Teitelboim approach.
Furthermore, we will consider the thermodynamics of the black hole and find the
existence of Hawking-Page phase transition for this rotating hairy black hole.
The rest of this paper is organized as follows. We first present the new rotating
hairy black hole in Section 2 and discuss its horizon structure in Section 3. Section 4
is devoted to considering the asymptotics and computing the conserved charges (mass
and angular momentum) using the Regge-Teiltelboim approach. In Section 5, the
thermodynamics of this rotating hairy black hole is discussed. Finally, some concluding
remarks are given in Section 6.
2 Action, field equation and generic solution
Consider the system with action
I =
1
2
∫
d3x
√−g [R−∇µφ∇µφ− 2V (φ)] , (1)
2
where φ is the scalar field and V (φ) is the scalar self-coupling potential which is given
by
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where `, µ and α are all constants.
To have an intuitive feeling about the property of the scalar potential, we create
a plot of V versus φ at ` = 1, µ = −3 and α = 1 as presented in Fig.1. Meanwhile,
we can also make a power series expansion for the scalar potential, which turns out to
read
V (φ) =− 1
`2
− 3
8`2
φ2 − 1
16`2
φ4 − 32− 15µ`
2
7680`2
φ6 − 64− 105µ`
2
430080`2
φ8
− 512− 2205µ`
2
154828800`2
φ10] +
9α2
2097152
φ10 +O(φ12). (3)
The zeroth order term plays the role of a negative cosmological constant Λ = − 1
`2
, which
is required for the existence of a smooth black hole horizon in three dmensions [37].
The second order term is a mass term with negative mass squared m2 = − 3
4`2
, which
obeys the Breitenlohner-Freedman bound in three dimensions [38,39]. From the tenth
order and onwards, the parameter α begins to make contributions, which ensures that
the potential is bounded from below and possesses three extrema: one local maximum
at φ = 0 with V (0) = Λ and two minima at φ = ±φ0 for some φ0, with V (±φ0) < Λ
(however, it is difficult to obtain φ0 analytically).
The equations of motion (EOM) read as
Gµν −
(
∂µφ∂νφ− 1
2
gµν∇ρφ∇ρφ
)
+ V (φ)gµν = 0, (4)
gµν∇µ∇νφ− ∂φV (φ) = 0. (5)
We choose the rotating metric anstaz
ds2 = −Adt2 + dρ
2
B + ρ
2
(
dψ − ωdt
)2
, (6)
where A,B and ω are all functions of the radial coordinate ρ only. Plugging the metric
into the EOM, we can obtain the scalar field
φ(ρ) = 2
√
2arctanh
√
B
H(ρ) +B
, H(ρ) =
1
2
(
ρ+
√
ρ2 + 4Bρ
)
(7)
3
Figure 1: Plot of scalar potential V (φ)
versus φ, with ` = 1, µ = −3, α = 1.
and the functions A and B appearing in the metric ansatz:
A =
(
H
H +B
)2
f(H), B = f(H)
(
H + 2B
H +B
)2
, (8)
f(H) = 3µB2 +
2µB3
H
+
α2B4(3H + 2B)2
H4
+
H2
`2
, (9)
ω(H) =
αB2(3H + 2B)
H3
. (10)
Here the solution is characterized by four parameters: `, µ,B, α. The parameter B
needs to be non-negative in order to keep the scalar field real. Meanwhile, we need
to take µ < 0 in order to have a positive mass for the black hole solution, as will
be shown later. When B or α is vanishing, we can find two well-known degenerate
cases: when B = 0, the solution degenerates to the massless static BTZ solution [1]; by
setting µ`2 = −ν−1, the solution with α = 0 degenerates to the static hairy black hole
considered in [11–13,40]. After a conformal transition, the full solution can be turned
into the one found in the non-minimal coupling scalar-tensor theory of gravity [17],
as is shown in the Appendix. Note that applying a conformal transformation to the
solutions in the minimally coupled theory, the solution obtained in the Jordan frame
are not always physically equivalent to the untransformed ones [41].
To understand the geometric characteristics of the solution, we calculate the Ricci
scalar of the solution. The result reads
R =− 6
`2
− 16B
H2`2
(B +H) + µB3
(
4B2
H5
+
10B
H4
+
12
H3
)
+ 2α2B5
(
13B3
H8
+
54B2
H7
+
72B
H6
+
36
H5
)
. (11)
It is clear that the solution has an essential singularity at H = 0 whenever B 6=
0. Higher order curvature invariants such as RµνR
µν and RµνλσR
µνλσ have the same
4
behavior. Note that for ρ ≥ 0, H(ρ) = 0 implies ρ = 0. On the other hand, we find
that some of the components of the Cotton tensor, e.g.
Cψρψ = 3B
3
(
µ
H2
+
6B2α2
H4
+
4B3α2
H5
)
(12)
are nonvanishing if B 6= 0, signifying that the metric is non conformally flat [42].
3 The horizon structure
In this section, we present the horizon structure analytically. The horizons must be
situated at the zeros of the function f(H). We are mostly interested in the event
horizon of the black hole, which corresponds to the largest zero H+ = H(ρ = ρ+) of
f(H). Denoting
X0 =
3H+ + 2B
H3+
, (13)
which never vanishes for H+ > 0, we can rearrange f(H+) in the form
f(H+) =
H+
2
`2
(
1 + µB2 `2X0 + α
2`2B4X0
2
)
= 0. (14)
We can directly get two roots:
X
(1)
0 = −
µ`+
√
µ2`2 − 4α2
2α2`B2
=
X˜
(1)
0
B2
, (15)
X
(2)
0 = −
µ`−√µ2`2 − 4α2
2α2`B2
=
X˜
(2)
0
B2
. (16)
Note that only when µ ≤ −2α
`
, X i0(i = 1, 2) are real-valued. If −2α` < µ < 0, X i0
(i = 1, 2) are both imaginary.
Now consider X˜
(i)
0 (i = 1, 2) as a constant, we can rewrite Eq.(13) as
g(h) ≡ X˜(i)0 h3 − 3h− 2 = 0, (17)
where we have set
H+ = hB. (18)
One can analytically solve Eq.(17) and get three solutions,
h(1) =
X1
X˜
(i)
0
+
1
X1
,
h(2,3) = −1
2
(
X1
X˜
(i)
0
+
1
X1
)
± I
√
3
2
(
X1
X˜
(i)
0
− 1
X1
)
, (19)
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where
X1 =
1 +
√√√√−1 + X˜(i)0
X˜
(i)
0
(X˜(i)0 )2
1/3 .
Consider function g(h) as given in (17) with X˜
(i)
0 > 0. It is evident that g(0) <
0, g(+∞) > 0, and for positive h, g′(h) starts with the negative value −3 at h = 0
and increases monotonically until it becomes positive at some h. Therefore, near
h = 0, g(h) firstly decreases from a negative value to the minimum, and then increases
monotonically. Hence the curve g(h) will only come across the horizontal axis only
once, which implies that only a single solution of Eq.(17) is real and positive for fixed
positive X˜
(i)
0 . Finally, by inverting the H(ρ) relation given in (7), we can express the
black hole horizon radius as
ρ+ =
H2+
H+ +B
=
h2
h+ 1
B, (20)
where h is to be taken as the real positive solution to (17). It is clear in this parametriza-
tion of the horizon radius that the horizon radius is proportional to the parameter B
because h is independent of B.
Recall that, depending on a bound over the parameters µ, ` and α, there can be
three different cases for the values of X˜
(i)
0 . These different cases will also affect the
number of real positive roots for g(h):
1. µ < −2α
`
: in this case, X˜
(i)
0 (i = 1, 2) are both positive and real, each results in a
real positive h. Among these, the horizon corresponding to the choice X˜
(1)
0 is the
outer horizon. This case corresponds to the non-extremal rotating hairy black
hole;
2. µ = −2α
`
: in this case, X˜
(i)
0 (i = 1, 2) coincides and is real positive, which results
in a single positive real h. This case corresponds to the extremal rotating hairy
black hole;
3. −2α
`
< µ < 0: in this case, X˜ i0(i = 1, 2) are both imaginary, which can never
result in a real h from Eq.(17). This case corresponds to a naked singularity.
Summarizing the above cases, we find that the existence of black hole horizons
requires a bound over the parameters, i.e.
−µ
α
≥ 2
`
. (21)
This bound will be shown to be an analogue of the famous Kerr bound for rotating
black holes in the next section.
6
4 Asymptotics and conserved charges
The asymptotic behavior of our solution belongs to the following class:
φ = 2
√
2
(
B1/2
ρ1/2
− 2
3
B3/2
ρ3/2
)
+O(ρ−5/2), (22)
gtt = −ρ
2
`2
+O(1), gρρ = `
2
ρ2
− 4`
2B
ρ3
+O(ρ−4), (23)
gtρ = O(ρ−2), gψψ = ρ2 +O(1), (24)
gψρ = O(ρ−2), gtψ = 3αB
2
ρ2
− 4αB
3
ρ3
+O(ρ−4). (25)
Although gtρ, gψρ and gρρ falls off slower than in pure gravity, notice that this set of
conditions is shown to be left invariant under the Virasoro algebra generated by the
asymptotic Killing vectors of three dimensional pure AdS gravity [11].
Using the Regge-Teitelboim approach [43], the contributions to the conserved charges
of pure gravity and the scalar field: QG(ξ) and Qφ(ξ), can be found. With the help of
the asymptotic conditions Eq.(25), their variations can be shown to be of the form [11]
δQG(ξ) =
1
2
∫
dψ
{
ξ⊥
[
2
`ρ
δgψψ + ρg
−1/2gρρδgρρ
]
+ 2ξψδgψt
}
=
1
2
∫
dψ
{
1
`ρ
ξ⊥δgψψ − 2ρξ⊥δ(g−1/2) + 2ξψδgψt
}
. (26)
δQφ(ξ) = −
∫
dψ
{
ξ⊥g1/2gρρ∂ρφδφ
}
. (27)
Asymptotically, ξ⊥ ∼ ξtρ/`. One can find that the generators of the asymptotic
symmetries has a non-vanishing contribution from the scalar field.
Integrating to obtain the total charge Q = QG +Qφ, it reads [11]
Q(ξ) =
∫
dψ
{
1
2
[
ξ⊥
ρ`
(
(gψψ − ρ2)− 2ρ2(`g−1/2 − 1)
)
+ 2ξψpiρψ
]
+ 4ρ2
[
φ2 +
1
3
φ4
]}
,
(28)
Note that one can find the algebra of the charges (28) is identical to the one found
in [3], namely, two copies of the Virasoro algebra with a central extension. Then
computing the variation of the charges on the vacuum, one can find the central charge.
Here the vacuum is chosen to be the same as in pure gravity, which shows that the
value of the central charge remains unchanged
c =
3`
2G
. (29)
Based on this central charge, one can easily obtain the semiclassical area entropy of
the rotating hairy black hole after applying Cardy formula.
7
Using Eq.(28), the mass M and the angular momentum J of the hairy black hole
described by Eqs.(9,10) are found to be
M ≡ Q(∂t) = −3µB2, (30)
J ≡ Q(∂ψ) = 6αB2. (31)
Inserting them into Eq.(21), one will find the real Kerr-like bound in (2+1) dimensions,
M
J
≥ 1
`
. (32)
5 Thermodynamics of rotating hairy black hole
In this section, we consider the thermodynamics and phase transition of this rotating
hairy black hole in minimally coupling model. From Eqs. (30)(31), the rotating hairy
black hole solution can be rewrite to be
f(H) = −M − 2BM
3H
+
J2(3H + 2B)2
36H4
+
H2
`2
.
Considering Eq.(18), the mass of rotating hairy black hole can be obtained as
M =
J2`2(3h+ 2)2 + 36h2H4+
12`2 (3h+ 2)H2+
. (33)
The Hawking temperature of the rotating hairy black hole can be obtained by means
of the surface gravity κ˜2 = −1
2
(∇aχb)(∇aχb) [44], where the Killing vector χa equals
(1, 0,Ω) and
Ω ≡ dψ
dt
∣∣∣∣
ρ=ρ+
= ω(H+) =
(3h+ 2)J
6hH3+
(34)
is the angular velocity at the horizon. Then, the Hawking temperature κ/(2pi) reads
T =
3 (h+ 1)H+
2pi`2 (3h+ 2)
− (h+ 1) (3h+ 2) J
2
24pih2H3+
. (35)
In addition, the Bekenstein-Hawking entropy is defined in terms of the horizon area
S = 4piρ+ =
4pih
(h+ 1)
H+. (36)
After a little calculation, one can find T =
(
∂M
∂S
)
J
,Ω =
(
∂M
∂J
)
S
. Hence, it is easy to
verify that the first law of black hole thermodynamics,
dM = TdS + Ω dJ , (37)
8
holds. Meanwhile, we can obtain the generalized three dimensional Smarr relation for
the black hole
M − ΩJ = 1
2
TS, (38)
which is the same with the one get from the scaling argument [45].
In general, the local thermodynamic stability is determined by the specific heat,
which states that the positive specific heat can guarantee a stable black hole to exist,
while the negative one will make the black hole disappear when a small perturbation
is included within. Here the specific heat CJ = T
(
∂S
∂T
)
J
can be expressed as
CJ =
96pi2`2h3 (h+ 2) (3h+ 2)2H4+T
ξ (h+ 1)2
, (39)
where ξ = J2`2 (10 + 20h+ 9h2) (3h+ 2)2 + 36h2 (3h2 + 4h+ 2) H4+ > 0. As T ≥ 0,
one will always obtain a positive specific heat. Therefore, the rotating hairy black hole
is always locally thermal stable in the region of H+ > Hext(ρ+ > ρext). On the other
hand, the behavior of free energy F is important to determine the phase transition of
the charged hairy black hole. The free energy F = M − TS reads as
F =
J2`2(3h+ 2)2 − 12h2H4+
4`2 (3h+ 2)H2+
. (40)
Its zero is located in
Hc+ =
1
121/4
√
J` (3h+ 2)
h
, (41)
and the critical temperature is
Tc =
(h+ 1)
121/4pi`3/2
√
J
(3h+ 2)h
. (42)
One can see that for the rotating hairy black hole, the free energy changes its sign at at
the temperature T = Tc, which implies the existence of the Hawking-Page phase tran-
sition at T = Tc for the rotating hairy black hole. Moreover, the rotating hairy black
holes only exist in the case of temperature T < Tc, while what remain is nothing but
the thermal radiation in pure AdS space when T > Tc. To have a clear understanding,
the F − T diagram with h = 1, J = 1 and ` = 1 is displayed in the Fig.2. For this
case, Eq.(42) gives Tc ' 0.1529.
6 Conclusion
In this paper, we present a new rotating black hole of three dimensional Einstein grav-
ity with minimally coupled self-coupling scalar field. Then we discuss analytically the
9
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Figure 2: The free energies F of rotating hairy black hole versus the temperature T
with h = 1, J = 1 and ` = 1.
horizon structure and obtain an analogue of the famous Kerr bound in (2+1) dimen-
sions because of the existence of black hole horizons. In this case, we also found that
the fall-off of the scalar field at infinity is slower than that of a localized distribution
of matter, while the asymptotic symmetry group remains the same as in pure gravity
(i.e., the conformal group). This means, the generators of the asymptotic symmetries,
however, acquire a contribution from the scalar field, but the algebra of the canon-
ical generators possesses the standard central extension. Furthermore, we calculate
the conserved charges: mass M and angular momentum J by the Regge-Teitelboim
approaches.
Later, we further discussed the thermodynamical properties and present other ther-
modynamic quantities, such as temperature, entropy, specific heat and free energy of
the rotating black hole. The first law of black hole thermodynamics and Smarr relation
are also checked. Then we found the rotating hairy black hole in minimally coupling
model is always locally thermal stable in the region of ρ+ > ρext. Moreover, there exist
the Hawking-Page phase transition for this rotating hairy black hole at the temperature
T = Tc.
Note the solution we presented in this paper is a rotating uncharged hairy black
hole. However, the rotating charged hairy black holes are difficult to obtain, while
only a black hole solution for infinitesimal electric charge and rotation parameters is
given in non-minimal coupling model [30]. These black hole solutions (including ones
in other gravity models with matter source) are expected to play some roles in the
further studying of AdS/CFT duality. These are all left as a future task.
Appendix: turning to non-minimal coupling model
Based on the rotating hairy black hole in minimal coupling model, we can get the
solution in non-minimal coupling model through the following transformation
gˆµν = Ω
2gµν , (43)
Ω = cosh2(
√
8φ), (44)
10
φˆ =
√
8 tanh(
√
8φ), (45)
U(φˆ) = V (φ)Ω−3. (46)
where φˆ is the new scalar field and U is the scalar potential in the non-minimally
coupling theory. They are given by Eq.(45) and Eq.(46), respectively. For other two
equations, Eq.(43) shows the conformal transformation between the metric in two kinds
of theory, Eq.(44) is the expression of the conformal transformation.
Then we turn to the non-minimally coupling model with the action
Iˆ =
1
16piG
∫
dx3
√
−gˆ
[
Rˆ +
2
`2
− gˆµν∇µφˆ∇νφˆ− 1
8
Rˆφˆ2 − 2U(φˆ)
]
,
The scalar potential in the action is given by [17]
U(φˆ) = Xφˆ6 + Y
(
φˆ6 − 40 φˆ4 + 640 φˆ2 − 4608
)
φˆ10(
φˆ2 − 8
)5 , (47)
where
X =
1
512
(
1
`2
+
β
B2
)
, Y =
1
512
(
a2
B4
)
.
with β = µB2 and a = αB2. The rotating solution in the non-minimally coupling
theory is known recently in [17], with the line element
ds2 = −fˆ(r)dt2 + 1
fˆ(r)
dr2 + r2
(
dψ − ωˆ(r)dt
)2
, (48)
and all the functions in metric are
φˆ(r) = ±
(
8B
(r +B)
)1/2
,
fˆ(r) = 3β +
2Bβ
r
+
(3r + 2B)2a2
r4
+
r2
`2
,
ωˆ(r) =
(3r + 2B)a
r3
.
References
[1] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in three-dimensional space-time,”
Phys. Rev. Lett. 69, 1849 (1992) [arXiv:hep-th/9204099].
[2] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].
[3] J. D. Brown and M. Henneaux, “Central Charges in the Canonical Realization of Asymptotic
Symmetries: An Example from Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207
(1986).
11
[4] J. L. Cardy, “Operator Content of Two-Dimensional Conformally Invariant Theories,” Nucl.
Phys. B 270, 186 (1986).
[5] A. Strominger, “Black hole entropy from near horizon microstates,” JHEP 9802, 009 (1998)
[arXiv:hep-th/9712251].
[6] S. Carlip, “What we don’t know about BTZ black hole entropy,” Class. Quant. Grav. 15, 3609
(1998) [arXiv:hep-th/9806026].
[7] S. Carlip, “Black hole entropy from conformal field theory in any dimension,” Phys. Rev. Lett.
82, 2828 (1999) [arXiv:hep-th/9812013].
[8] S. Carlip, “Effective Conformal Descriptions of Black Hole Entropy,” Entropy 13, 1355 (2011)
[arXiv:1107.2678].
[9] C. Martinez and J. Zanelli, “Conformally dressed black hole in (2+1)-dimensions,” Phys. Rev.
D 54, 3830 (1996) [arXiv:gr-qc/9604021].
[10] M. Natsuume, T. Okamura and M. Sato, “Three-dimensional gravity with conformal scalar and
asymptotic Virasoro algebra,” Phys. Rev. D 61, 104005 (2000) [arXiv:hep-th/9910105].
[11] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Black holes and asymptotics of 2+1
gravity coupled to a scalar field,” Phys. Rev. D 65, 104007 (2002) [arXiv:hep-th/0201170].
[12] F. Correa, C. Martinez and R. Troncoso, “Scalar solitons and the microscopic entropy of hairy
black holes in three dimensions,” JHEP 1101, 034 (2011) [arXiv:1010.1259].
[13] F. Correa, C. Martinez and R. Troncoso, “Hairy Black Hole Entropy and the Role of Solitons in
Three Dimensions,” JHEP 1202, 136 (2012) [arXiv:1112.6198].
[14] F. Correa, A. Faundez and C. Martinez, “Rotating hairy black hole and its microscopic entropy
in three spacetime dimensions,” Phys. Rev. D 87, 027502 (2013) [arXiv:1211.4878].
[15] J. Aparicio, D. Grumiller, E. Lopez, I. Papadimitriou and S. Stricker, “Bootstrapping gravity
solutions,” JHEP 1305, 128 (2013) [arXiv:1212.3609 [hep-th]].
[16] M. Hasanpour, F. Loran and H. Razaghian, “Gravity/CFT correspondence for three dimensional
Einstein gravity with a conformal scalar field,” Nucl. Phys. B 867, 483 (2013) [arXiv:1104.5142].
[17] L. Zhao, W. Xu and B. Zhu, “Novel rotating hairy black hole in (2+1)-dimensions,” Commun.
Theor. Phys. 61, 475 (2014) [arXiv:1305.6001].
[18] W. Xu and L. Zhao, “Charged black hole with a scalar hair in (2+1) dimensions,” Phys. Rev. D
87, 124008 (2013) [arXiv:1305.5446].
[19] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimensions,” Phys.
Rev. Lett. 102, 201301 (2009) [arXiv:0901.1766].
[20] G. Giribet, J. Oliva, D. Tempo and R. Troncoso, “Microscopic entropy of the three-dimensional
rotating black hole of BHT massive gravity,” Phys. Rev. D 80, 124046 (2009) [arXiv:0909.2564].
[21] A. Perez, D. Tempo and R. Troncoso, “Gravitational solitons, hairy black holes and phase tran-
sitions in BHT massive gravity,” JHEP 1107, 093 (2011) [arXiv:1106.4849].
[22] Y. S. Myung, H. W. Lee and Y. -W. Kim, “Entropy of black holes in topologically massive
gravity,” [arXiv:0806.3794].
[23] M. Henneaux, C. Martinez and R. Troncoso, “More on Asymptotically Anti-de Sitter Spaces in
Topologically Massive Gravity,” Phys. Rev. D 82, 064038 (2010) [arXiv:1006.0273].
[24] S. Detournay, T. Hartman and D. M. Hofman, “Warped Conformal Field Theory,” Phys. Rev.
D 86, 124018 (2012) [arXiv:1210.0539].
[25] A. Perez, D. Tempo and R. Troncoso, “Higher spin gravity in 3D: black holes, global charges and
thermodynamics,” [arXiv:1207.2844].
12
[26] J. R. David, M. Ferlaino and S. P. Kumar, “Thermodynamics of higher spin black holes in 3D,”
JHEP 1211, 135 (2012) [arXiv:1210.0284].
[27] A. Perez, D. Tempo and R. Troncoso, “Higher spin black hole entropy in three dimensions,”
[arXiv:1301.0847].
[28] A. Belhaj, M. Chabab, H. El Moumni and M. B. Sedra, “Critical Behaviors of 3D Black Holes
with a Scalar Hair,” [arXiv:1306.2518].
[29] J. Sadeghi and H. Farahani, “Thermodynamics of a charged hairy black hole in (2+1) dimen-
sions,” [arXiv:1308.1054].
[30] J. Sadeghi, B. Pourhassan and H. Farahani, “Rotating charged hairy black hole in (2+1) dimen-
sions and particle acceleration,” [arXiv:1310.7142].
[31] J. Sadeghi, B. Pourhassan and F. Pourasadollah, “Holograghic Brownian motion in 2 + 1 dimen-
sional hairy black holes,” Eur. Phys. J. C 74, 2793 (2014) [arXiv:1312.4906].
[32] J. Naji, “Energy Loss of a Heavy Particle near 3D Charged Rotating Hairy Black Hole,” Eur.
Phys. J. C 74, 2697 (2014) [arXiv:1401.4422].
[33] W. Xu, J. Wang and X. -h. Meng, “A Note on Entropy Relations of Black Hole Horizons,”
[arXiv:1401.5180].
[34] K. Meng, Z. -N. Hu and L. Zhao, “Near horizon symmetry and entropy of black holes in the pres-
ence of a conformally coupled scalar,” Class. Quant. Grav. 31, 085017 (2014) [arXiv:1403.1921].
[35] B. Wu and L. Zhao, “Holographic fluid from nonminimally coupled scalar-tensor theory of grav-
ity,” [arXiv:1401.6487].
[36] C. Martinez, R. Troncoso and J. Zanelli, “Exact black hole solution with a minimally coupled
scalar field,” Phys. Rev. D 70, 084035 (2004) [arXiv:hep-th/0406111].
[37] D. Ida, “No black hole theorem in three-dimensional gravity,” Phys. Rev. Lett. 85, 3758 (2000)
[arXiv:gr-qc/0005129].
[38] P. Breitenlohner and D. Z. Freedman, Phys. Lett. B 115, 197 (1982); Annals Phys. 144, 249
(1982).
[39] L. Mezincescu and P. K. Townsend, Annals Phys. 160, 406 (1985).
[40] M. Nadalini, L. Vanzo and S. Zerbini, “Thermodynamical properties of hairy black holes in n
spacetimes dimensions,” Phys. Rev. D 77, 024047 (2008) [arXiv:0710.2474].
[41] V. Faraoni, E. Gunzig and P. Nardone, “Conformal transformations in classical gravitational
theories and in cosmology,” Fund. Cosmic Phys. 20, 121 (1999) [arXiv:gr-qc/9811047].
[42] A. Garcia, F. W. Hehl, C. Heinicke and A. Macias, The Cotton tensor in Riemannian space-
times, Class. Quant. Grav. 21 , 1099 (2004) [arXiv:gr-qc/0309008].
[43] T. Regge and C. Teitelboim, “Role of Surface Integrals in the Hamiltonian Formulation of General
Relativity,” Annals Phys. 88, 286 (1974).
[44] S. M. Carroll, “Spacetime and geometry: An introduction to general relativity,” San Francisco,
USA: Addison-Wesley (2004) 513 p.
[45] M. Banados and S. Theisen, “Scale invariant hairy black holes,” Phys. Rev. D 72, 064019 (2005)
[arXiv:hep-th/0506025].
13
